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Abstract:

This paper investigates the optimal monitoring and robust control of an array of forest fire processes
modelled as spatial diffusion processes with uncertainty. An optimized framework is proposed for mobile
measurement and control of forest fires using mobile actuator-sensor networks with multiple packet
losses. By employing Lyapunov functional approach, some sufficient conditions are derived under
decentralized output feedback control strategy. The robust stability criterion includes linear operator
inequalities and velocity laws for mobile actuation-sensing devices. Also, the case of collocated control
and non-collocated control are discussed in the results. Finally, a simulation example is provided to
demonstrate the results obtained.

Keywords: Spatial diffusion processes, forest fire model, Mobile sensors, Mobile actuators, Uncertain,
Multiple loss packets.

I. INTRODUCTION

In recent years, large forest fires have occurred frequently around the world, causing huge economic
losses. How to effectively monitor and control forest fires is becoming a growing concern. The modelling
of forest fires is the basis for the study of forest fire monitoring and control. Numerous researchers, starting
from statistical methods™, machine learning!®, gray analysis®®!, ecological mathematics!, and linear
systems™, have conducted in-depth studies on forest fires and given relevant mathematical models,
obtaining a series of good results. Further, when considering the spatio-temporal characteristics of fire
occurrence in the forest fire model, the spatio-temporal spread-diffusion model of forest fires can be
obtained from the physical mechanism, using the temperature field as the basic state to describe the fire
and according to the heat conduction, radiation and convection laws[®". These describe the diffusion
process of forest fires can be expressed as parabolic partial differential equationst™, which are called
distributed parameter systems(DPSs).
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With the rapid development of embedded technology, wireless sensor networks have been widely used
due to its low cost, low power, and its sensing and computing ability. Especially in the monitoring of forest
fires, wireless sensor networks have played an important role!®*%, However, for unknown forest fires, the
environment is harsh and uncertain, and the wireless sensor network nodes are easily damaged. Moreover,
the need to place a large number of sensing nodes in the forest makes the cost and energy consumption
increase significantly. Currently, mobile robotics is becoming increasingly sophisticated. Mobile
actuation-sensing devices are obtained by adding sensors and actuators to mobile devices. By
communicating several mobile actuation-sensing devices, their cooperation forms a mobile actuator-sensor
network.

Earlier work on study of mobile actuator and sensor networks can be divided into two cases roughly.
One is about the control problems on mobile actuator and sensor networks utilizing multi-agent
systems*™*21. The other is about actuating and sensing device optimization in DPSs. Orlov™ studied the
model of distributed parameter control systems in heat processing using sliding mode control method for
the first time. The analysis and control of parabolic partial differential equations with input constraints
based on Galerkin approximation is developed in [14]. The study on mobile control of moving actuators
and sensors in processes governed by DPSs in [15]. Demetrioul*® provided an optimized framework for
the performance improvement of mobile sensors and actuators in DPSs using the Lyapunov stability
arguments. So far, a number of useful conclusions about control of DPSs were obtained.

Usually, parameter uncertainties are inevitable in dynamical system due to error of measurement and
hardware implementation of system. They are probably one of the main sources contribute to instability of
dynamical systems. Also, it is very common in engineering applications that the measurement output of
mobile actuators and sensors networks is lost or partially lost due to different causes, i.e. sensor failure and
missing measurement caused by the network. Wang and his collaborators consider missing measurements
phenomenon in control problem of discrete stochastic nonlinear systems. There have been very few studies
dealing with the control of spatial diffusion processes in uncertain environments with multiple missing
measurements using mobile actuator and sensor networks, to the best of the authors' knowledge up to now.

In this paper, we will focus upon the optimal mobile monitoring and robust control of a class of
diffusion processes in uncertain environments. The uncertainty of the diffusion system and the packet loss
of multiple data in mobile sensing make the study more valuable for engineering applications. The
sufficient conditions can be found by applying the Lyapunov functional for optimized stability are
established including linear operator inequalities(LOIs) and velocity control law.

. And, the simplified stability scheme is also proposed by the velocity law of each moving actuator and
sensor if an appropriate Lyapunov functional is introduced.

Notation and Preliminaries. The notation used in the paper is quite standard. Throughout this paper,
R™ denotes the n-dimensional Euclidean space with the norm |-|. f'(§) means the derivative of the

function f with respect to & and f (t) means f relative to the rate of time change. The notation
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P >0 where P is symmetric, means that P is positive definite, whereas A,,.x(P) (respectively,
Amin (P)) denotes its largest (respectively, smallest) eigenvalue. In symmetric block matrices, the star * is
used to denote an ellipsis term that is induced by symmetry.

Let H be a Hilbert space with inner product (-,-) and corresponding induced norm |- |. L(H)
denotes all bounded linear operators from H to H. Given P:H — H be a linear operator with dense
domain D(P) in H, whereas P* means its adjoint operator. The notation P > 0 means that P is
strictly positive definite, where P is self-adjoint operator in sense i.e. P = P* and there exists a constant
¢ >0 such that (x,Px) = c(x,x) and for all x € D(P). P =0 means that nonnegative definite
operator P is self-adjoint and (x,Px) > 0 for all x € D(P). In addition, 7 is the identity operator.
[E{-} stands for the mathematical expectation operator.

The domain of operator A can be defined in the following
forms:(x, ¥)pay) = (x,¥) + (Ax, Ay),x,y € D(A) if the operator A generates a strongly continuous

semigroup T(t) on the Hilbert space H. Furthermore, the induced norm || T(t) Il of the semigroup
T(t) satisfies || T(t) I< ge®t with some constant o and grown bound w.

Il. PROBLEM FORMULATION

In this paper, we consider an array of forest fire processes which described by spatial diffusion
processes with uncertainty. This one-dimensional system represents the forest belt and its model can
approximate the actual combustion process.

00(t) 9 8Q(t{)
= @O

) f G EO) i + A (O)ue(2),

) — (a+4a()Q(t,$)

T _
[ nasao)a0
yl(t) 01
_ |y _ D &5 ,E)d
yo = 20| -] 10O D |y

yn'(t)

o
f Yo 9 (6 E5(0))cn@(t, £)dE

subject to the Dilichlet boundary condition

Q(t,0) = Q(t,1) = 0,#(2)
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and the initial condition

Q(0,8) = Qo(£), #(3)

where Q(t, &) denotes temperature of the diffusion process, & € 2 = [0,1] is the spatial variable and
t € R* is the time variable. The transmission diffusion operator a(¢é) = a, > 0, a,b; and ¢; are constant
parameters. The nonnegative smooth function f;(&; £(t)) represents the spatial distribution of ith moving
actuator, where &7 (t) € [0,1] is the time-varying centroid of ith actuator. Similarly, the spatial distribution
of jth moving sensor is represented by the nonnegative smooth function g;(&; &7 (t)), where &7(t) € [0,1]
is the time-varying centroid of ith sensor. The spatial distribution of moving actuators and sensors
mentioned above shows each different actuator and sensor has different distribution. wu;(t) denotes the ith
component of a control signal.

In this paper, moving sensors for the measurement data missing are considered.
A, = diag{yq,v2, -, ¥} With the stochastic variable y; € R is a Bernoulli distributed white sequence
taking values of 1 and 0. It has

{Prob{yi =1} =Y
Prob{y; =0} =1-7y,;.

Here, y; € [0,1] are known constants. We denote y; = E{y;}, while Zy = diag{y,, v, ", V,.}-
Then, the system (1) can be rewritten in the following compact form:

{Q (©) = (A +AA)QE) + F(£4(t))(B + AB)u(t), 4 d)
y(t) = 4,CG(E5(D))Q (1),

Here, the state space is H = L,(£2), where Q(t,)) = {Q(¢t,£):0 <& < [} is the instantaneous state of
the system. Let infinitesimal operator A = d%(a({) d%) —a and its domain is given by D(A) ={y €

L,(2):4,¢" are absolutely continuous, " € L,(2) and ¥(0) = (1) = 0}. Obviously, since a(¢) > 0,
then the operator A is bounded and satisfy —<A > 0. The infinitesimal operator A generates a strongly
continuous semigroup T(t),t = 0 and the domain D(A) of the operator A is dense in H. B and C
denote, respectively, input coefficient operator and output coefficient operator.

Uncertain linear operators AA,AB € L(H) are bounded perturbations of the infinitesimal operator
A, B respectively. Such parameter uncertainties satisfy the following admissible condition:

AA*AA < A, AB*AB < B, #(5)

where A > 0,8 > 0.
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The input operator F(£%(t)) is linear and bounded, which is formulated as

uy (t)
FEOME) = [fL(EXD), HLELD), - fu(E3(D))] I”i“)\,
1y ()

with actuator location vector provided by &%(t) = [é1(t), &5 (t), -+, EX(t)]. Similarly, the output operator
G(&5(t)) is also linear and bounded, which is written as

» _
[RAGHOHIR
0

!
G(ES()Q(L) = j;gz (§:8: ()Rt HdS ]

o
RGO

where the output measurement operator is the vector of sensor location parameterized by &5(t) =
[E1 (1), & (L), -+, &é5(t)]. According to the description in (1), it is easy to get F(&%(t)) =0 and
G 7 (1) = 0.

In this paper, we consider the following decentralized output feedback control strategy:

l
w(©) = —kyi(®) = —k; f vicigi(6 € ()0t ©)dE, #(6)
0

for k; >0,i =1,2,---,n.
Also, it can be written in matrix form
u(t) = =Ky (), #(7)
with K = diag{k,, k,---, ky,} is the control gain matrix.
In fact, the locally decentralized controller (6) or (7) for actuators and sensors can be utilized
effectively owing to the advanced technology of actuation and sensing. The recent advances of

micro-electro-mechanical systems, make it easy to implement this class of controllers in a large number of
moving actuators and sensors.
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For presentation convenience, we denote A = A + AA and B = B + AB. With the decentralized
output feedback control policy (6), we can study the system in the following form

QW = (A-BEWKEEM®))Q®

#(8)
= ‘Ac(f(t))Q(t)

where B (£4(t)) = F(£%()) B,C (65(b)) = A,CG(E3(t)) and denotes E{C (¢5(t))} = C(£5(t)). From
distributed parameter system (8) with parameter uncertainties, 4.A and AB are bounded linear operators.
Then the operator A and B are dissipative operators follows from an application of Kato-Rellich
Theorem. In this case, one may easily assume that F(£%(t)) and G(&°(t)) are commutative, then the
product of F(&%(t)) and G(E5(t)) is nonnegative definite. Consequently, B (£%(t))K € (£5(¢t)) is
bounded and nonnegative definite. Also, —A.(&(t)) is bounded and nonnegative definite.

Definition 1 The spatial diffusion processes is said to be globally asymptotically stable in the mean square
if

Jim E|Q(8)]* =0, 9)
holds.
Definition 2 The uncertain spatial diffusion processes (4) is said to be robustly globally asymptotically
stable in the mean square if the system (4) is globally asymptotically stable in the mean square for all
admissible parameter uncertainties.
I11. MAIN RESULTS AND PROOFS
To achieve the major results, the following lemmas are introduced..
Lemma 1 Given linear operators P and Q and ascalar > 0. Thenforany x,y € H,
2(x, PQy) < B~Hx, PP x) + B(y, Q" Q).

Proof: It is readily seen that

0= (P'x—py,P'x—p9y)
(x, PP x) = 2B(x, PQy) + f*(y,Q°Qy)
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Hence, we have
2(x, PQy) < B~ Hx, PP*x) + B(y,Q*Qy).

Especially,
2(x, PQy) < B~Hx, PP x) + B(y, 0 y).

if Q satisfying 9*Q < 0.

Lemma 2 (Barbalat’s Lemma ) A function f(t) satisfies tliT f(t) =0,if f(t) =0 isLebesgue

integrable and uniformly continuous on [0, 4+0).
The main results of this paper are given in the following theorem.

Theorem 1 The uncertain spatial diffusion processes with multiple packet losses (4) is robustly
globally asymptotically stable in the mean square if there exist constants g > 0, a linear operator

P(§(t)) > 0 subjectto c(Q(t), Q(1)) < (Q(®), P(E()Q®)) < b [{Q(1), Q(1)) + (AQ(1), AQ())], for

two positive constants b, ¢ such that the following operator-dependent LOIs hold in the Hilbert space
D(A):

|[Y(€(t)) PED®) PEM)F(E®) LG (5m)era, 7§1|

_ —p41 0 0

(W) _l " B 0 J<0,#(11)
* * -p. B

Where

r(E®) = PEW®)(A-F(E40)BKA,CG(E D))

_ ., #(12)
H(A = FEUO)BKA,CGE* () PE®) + BrA,

and each moving agent's velocity law is provided by

(5( )

HOE <Q(t) Q(t)>#(13)

with p¢ > 0.
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Proof: The following operator-dependent Lyapunov functional is used to establish the stability
conditions.

V(®) = (Q(®), P(§(®))Q®).- #(14)
The infinitesimal operator £ of V(t) is determined as
1
LvQ®, 1) = lim “A{E{V(Q(t +4),t + HIQB)} —V(Q(®), O} #(15)
Along the trajectories of (8), the derivative of the Lyapunov functional

dP(£(®))
dt

LV () = E(x (£), P(£(1))Q(®)) + E(Q(6), P(£(0) x (1)) + (Q(D),

Q(t)>-#(16)

Firstly, substituting (8) into the first and second term of (16), and considering A.(&(t)) can be
decompose as A (§(t)) = A(E(L)) + AA(E(L)), where A(E(t)) = A — T(E“(t))BKZycg(fs(t)) and
AA(E(t)) = AA — T(f“(t))ABKZyC'g(fs(t)). Utilizing the fact that the linear operator P (&(t)) is

self-adjoint, and combining the admissible condition of parameter uncertainties and Lemma 1, we can
deduce

2E(Q(6), P(E(1) Q (1))

2E(Q (), P (S (£))A(S(£))Q (D))

2(Q(0), PE(ON(AE (D) + 4A())Q (D))

2(Q(), PEMNAE(RMD) + BT H{QB), PEO)P"(§()Q(D)
+A1(Q(1), A Q1)) + B2 HQ(1), (PE(O)FE*(ONPENF(E* (1)) QD)
+B2(Q(t), (KA,CG(E(6)))" B (KA,CG(E°(1)))Q (1))

(R, PE(©)Q®)-

IA I

where ¥(&(t)) are defined as in (11).

Next, the third term of (16) is

dP($(t))
dt

aP($(t))
¢

(Q(0), Q) =(Q(1),& (D) QD)

and, for p? is any positive gain, which can be made negative by selecting
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. oP
£ = -0 T2

It follows from (11) -(13) that
LV(t) < —c E|Q()|%t =0, (17)

Therefore, we have
t
EV(t) -V (0) < —cj E|Q(s)|*ds
0

whereas the linear positive definite operator P(é(t)): D(A) — H satisfy the inequality (10). Hence, it
implies that

t
j[E|Q(s)|2dsSa Il Qo II%,
0

b
where a = - Namely,

t
j E[Q(s)[%ds < a(|Qol? + [AQo|2) < +oo.
0

Moreover, it is simple to confirm that E|Q(t)]? is uniformly continuous on [0, +o0). From Lemma 2,
we can obtain

: 2
Jim E[Q()]* = 0.
Accordingly, the system (4) is globally asymptotically stable.

Remark 1: It is worth mentioning that the system (4) also can be proved globally exponentially stable in the
mean square. In this case, we choose the Lyapunov functional as V (t) = e"(Q(t), P(£(t))Q(t)), the
similar results can be obtained easily, and the proof is omitted here.

Theorem 1 presents an abstract stability framework on uncertain distributed parameter systems with
multiple missing measurements. In the following, the general spatial distribution of moving sensors and
actuators is considered under the proposed framework. Simultaneously, the velocity law of each moving
actuator and sensor will be proposed for the stability conditions of such system and enhance the controller
performance via choose the proper P (&(t)).
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The spatial distribution of each mobile actuator which centroid at ¢, given by

fi(&EY) = {fl(f) if Sefé—¢& &'+ 3;]'#(18)

0 otherwise

or depict
fi&G D = fi(O[H(E - (EF —&)) —H(E - EF +¢1)], #(19)

what employs 2 different Heaviside functions. The spatial distribution is followed by each mobile sensor
with its centroid at &7.

gl(f El) — {gl(f) if E € [El 191 ’El +19 ] #(20)

0 otherwise

or depict
9i&ED) = giOH(E — (& —97)) —H(¢ = (& +99)]- #(2D)

Remark 2: Here, two notes are given in follows. For one hand, two edges of each moving agent’s range is
not symmetry, and more general than symmetrical one. For the other hand, each actuator and sensor may
have different spatial distribution each other in a homogeneous network. Indeed, the distribution of each
agent also can be piecewise smooth in local. For example, one actuator’s distribution in symmetric interval
[E} — &, & + €] may be shown as

€ €
if fe[fia——»f{l+—]

% if fe[fl_gfl__] [fl+ €l+g]

fi(§) =

N

Therefore, the more general distribution of each actuation-sensing device can given by

3

fi&:é&hH = qu O[H(E = Cio + G — DAR) — H(E — (&ip +jAn)],

J:

91§ &) = gij O[H(E = o + G — DAR) — H(E = (§ip +jAM)],

Ms

-
1]
[
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+ —
where Ah = &£

— §o=¢&"'—¢ and § =& —97,j=1.2,--,m. And f;; and g;; can have the
same expression, also they can have the different one each other.

Theorem 2 Under the decentralized output feedback control strategy (6), uncertain spatial diffusion
processes with multiple packet losses (4) is robustly globally asymptotically stable in the mean square, if the
spatial distribution of mobile actuators and sensors are given by (18) and (20) respectively and satisfy
[EF — &7, &R + &7 IN[ES — 97, &7 + 9;] # @, such that the following velocity law of each moving agent
holds,

() = —pfWabikiyc (24)
£ = —piWbkyc (25)

with pi* >0 and p/ > 0,i = 1,2,---,n, are velocity gain of each actuation-sensing device, where the

expression of W and W;® are depend on the mobile actuators and sensors intersecting part of the spatial
distribution of zone, also express as following:

() [§f —e. & + &1 [ — 07,87 +97]

ftvet
we = L £ @R OME + FiEE — & + 0giEF — eDF (L& — &)

e e~ 0)gu(EE + e E + ), (26)
feaet
wi= | e oo @

(i) [& —07. & +07 1 [& — &, & + ']

-
W L £ (©)gi©)x2 (b E)dE, 28)

s -
i—9;

&+of
wy L g (O f;(O)x2(t,&)dE + g (&7 — 97 + 0)fi(&F — 97 )x%(t, & — ;)

s -
=9

—9i(& + 9 = 0)fi(§] + 9% (6, &7 +97); (29)

()& — 07, & + O INE — & & + & = [ — &, & +97']
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&+of
Wi = L fi(©)gi(Ox*(t, O)dé + fi(&] — &7 +0)g;(§f — e)x*(t, & — &), (30)

a -
i T&
7407

WS = L 91 fi(Ox*(t,)ds — gi(&F + 9 — 0fiGF +9)x*(t,7 +9); (31)

a_ .-
i T&

(V& — e, & + &' INEF =07, & + 971 = [§ — 97,8 +&/']

Efret
W = L f g x? (6 §)dE = fi58 +f = 0)gi(El + XA (L,EF + ), (32)

S_og—
iﬁi

Evef
Wi = L 9" (©fOx (6, dE + gi§F 07 + OfiE —IDF(EE — 9. (33)

P9
Proof: Consider the following Lyapunov functional, which is operator-dependent.
V(e) = —(Q(®), A(§®)Q®), #(34)

where the boundedness and nonnegative definite of the operator —A(&(t)) easily see from the discussion
above.

The infinitesimal operator LV along (34) is given by

: . dA
LV = —E(Q (1), A(((0)Q(®) - E(Q(1), A(( (1) @ (1)) = <Q(&$Q(t)> #(35)

By using the properties of the operators —A(£(t)) and —A.(€(t)), the following results deduced
easily.

—E(Q (1), A(£())Q®)) — E(Q(1), A(£(D)) @ (1)) < 0.#(36)

Then, the third one of (35) has
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(E( )

<Q() Q(t )>

(00, = (F(e®)BKA,c5( (1)) Q)
oF (£°(1))
0%

#(37)

BKZVCQ(ES(t))Q(t)>

aG(¢°®)
¢

<Q<t>, £

<Q(t) F(E2(1))BKA,CE (t) —2—2 Q(t)>

There are two parts to the formula (37) proposed here: one is used to determine the velocity of ith

moving actuating device; and the other is employed to determine the velocity of ith moving sensing device.

The first term in (37) can be written in terms of the integral representation, that is,

OF (§4(1))
¢

= fg ) f(f ] )Q 2(t,§)BKA,Cg(&; €5)dé

Q)& (®) BKA,CG(E5()Q (1))

- Y [ 2O HGE ~ (6F — &)~ HE = €8 + 00D
i=1 0
X [gi()(HE — (& —97) — H(E — (& +9))1d¢Ebik;y c;

n fl+19+
= Zf? (®) oo [FiOWE — & —e)—HE — & +&))

+Hi(§ —& +0)6(§ - ¢ — &)
—fi&' + & —0)8( — (&' + & ))NQ* (6, £)g:1(§)dEbik;y cq

For presentation convenience, we denote

&+of
W = L [Fi@QWHE - @ —er)—HE -G+ + il —e +0)6(5 — G — &)

s -
i~

—fi§{ + & —0)8(§ — (& + & N]Q*(t, §)gi(§)ds.
And, for p{* is any positive gain, it can be made negative by the selecting

& (t) = —pfWEbikv ci,
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where the expression of W2 can be calculated as the form of (26) in [ — &7, &2 + &1, (28) in
[§F — 97,67 + 971, (30)in [§ — &7, &7 + 9] and (32) in [§7 — 97, & + &)

The second term in (37) is calculated as follows

ag (s> (1)
¢

09(:¢°)
L

S Lo
= Zfi (t)f &[gi(‘f)(H(‘f — (& =97)) —H(E = & +9)N]Q* (&)
i—1 0
X [fi(OYHE — (& — &) — H(E — & +&))N1dEbik;y c;

(Q(t), F(E*(t))BKA,CE (¢) Q(1))

l
- f f (& E9BKT,CE (t)
0

n

s El+ef

DRAC L CL©OHE - € 97— HE =~ & +91))

i=1 i &
+9:(& =97 +0)8(¢§ — (& —9;7))

—gi(§7 + 97 —0)6(§ — (& + 9Nt O fi(©)dEbikiy ¢

We denote

tivet
W = L [9') (H(E = (&2 = 90)) = H(E = (& +81)) + 9u(&7 = 87 + 08(8 = & = 9D)y 59

a_ .-
i ~&

—g:(& + 9 = 0)8(¢ — (& +9;)N1Q*(t, §)fi(§)dé.
Then, choose
& (6) = —pSWibikiv ey,

for p? is any positive gain. WS can be calculated as the expression of (27) in [§f — &, &7 + €], (29) in
[§F = 97,80 + 971, B in [§ — e, & + 9] and (33)in [§F — 97, ¢ + &,

From the above discussion, we have LV (t) < —c; E|Q(t)|? t = 0, whereas the linear positive definite
and bounded operator —A(&(t)) on D(A) satisfy the following inequality:

& {Q(D), Q) < (Q(6), —A(£(D)Q(D) < by {Q(D), QD)) + (AQ (1), AQ(1))], #(40)

for by > 0 and c; > 0. We can deduce that there exists a; > 0 such that
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t
f E[Q(s)[%ds < a3 (1Qo]? + |AQo 1),
0

in the similar way that Theorem 1 was proved.
From Lemma 2, it implies that

; 2 —
Jim EQ(0)[? = 0.

Therefore, the system (4) is globally asymptotically stable if the velocity law of each moving
actuation-sensing device is given in (24) and (25), when their spatial distribution is (18) and (20)
respectively.

IV. DISCUSSION

The system (4) with spatial distribution of each moving agent is rather general. Specially, consider the
scenario when there are no uncertainties, in which case system (4) may be altered to the following model.

2Q(t,$) _ 0 9Q(¢,%)

e GO )—aQ(t.f)+;f(f:f?(t))biui(t),

- _
j v 9(& E5(D)c10(t, E)de
0

y1(t) !

J@ = 20| 2| [ 72 9(5:80)c0e 8 | yany

: 0

Yn(£) l :
j Vo (& E5(D)cnQ (8, )dé

where the spatial distribution of each moving actuator which centroid at &, given by

F(&ED) = {f(f) if ¢el§—e & +e"]

: #(42)
0 otherwise

Each moving sensor which centroid at &7 follow the spatial distribution as

g(& &) = {g(f) if $€[§f—e,& +e] #(43)

0 otherwise
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Remark 3: The spatial distribution of each mobile agent discussed in (42) and (43), implies that the mobile
actuator and sensor networks is homogeneous. In such network, every actuator and sensor is identical to
each other, only different at the location of their centroids &7 and &7. That is f;(§) = f(&; &) and

gl(g) = g(f' ELS)'l =12,-,n

Corollary 1 Under the decentralized output feedback control strategy (6), spatial diffusion processes
with multiple packet losses (4) is globally asymptotically stable in the mean square, if the spatial
distribution of mobile actuators and sensors are given by (42) and (43) respectively and satisfy [éf —
e &+ et =& —97,&° + 9], such that the following velocity law of each moving agent holds,

&+ot

fo= tbkTal] I OIOECHE

H (- e+ 09 — QL& —€7)
—fE+ e —0gE +eNQ* (L +eM] (44

El+et
GO = —ibkTel] o' Or©OwHE

+g9(& — 97+ 0)f (& —97)Q* (6, & —97)
—g9(& + 9T = Of (& +9DQ*(t, & +97)],  (45)

with p* >0 and p/ > 0,i = 1,2,---,n, are velocity gain of each actuation-sensing device.
Moreover, the system (41) can be further refined to

0Qts) _ 9o
ot &

0
=7 (@($) u S())Jer(f (w0,

- _
[ o s@)ewoa
y1(t) °

o) = 20| =| | 9 @8©)e 0] 4

Ya(©)

o
[RIGEO LS

Here, we can assume that the spatial distribution of moving actuators and sensors in the network are
collocated, which means that &(t) = & (t) with f(& &) = g(&¢7),i = 1,2,---,n. Then, the spatial
distribution of each agent is given by
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f(f; Ela) - {f(f) if f € [fla - & Ela + g] #(47)

0 otherwise
and we have the following corollary directly.

Corollary 2 Under the decentralized output feedback control strategy (6), spatial diffusion processes
(46) is globally asymptotically stable, if mobile actuators and sensors are collocated, which spatial
distribution is given by (47), such that the following velocity law of each moving agent holds,

&§m= &@®
= —piki L ff "OF Q& HE + f2(EF — ©)Q2 (6,1 — £)#(48)
—f2EE+ QP E + 6)]
with p; > 0,i = 1,2,---,n, is velocity gain of each actuation-sensing device.

Remark 4: Each sensing device is believed to be able to obtain state measurement information from two
edges of the sensor's range in this study. In that case, average value of measurement from each of moving
sensor can be indicated in the following:

l
yi(®) j £ (&E©)0 Ode
0

§i+e #(49)
J,... F@0waas

e[fE —a)Q(t, & —e) + f(EF + )Q(t, & + o).

Q

Then (48) also can be indicated as following

gm= &@®
e+e
= pkl| S @OFOO@OE + G -0~ (50
—FER+ QR+ (D).

Further, if f(&) = u in (47), the spatial distribution of mobile agent can be simplified as

fen={ T fE 58 — &8 +el yisyy

0 otherwise
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Then we can easily deduce the following corollary.
Corollary 3 Under the decentralized output feedback control strategy (6), spatial diffusion processes

(46) is globally asymptotically stable, if mobile actuators and sensors are collocated, which spatial
distribution is given by (51), such that the following velocity law of each moving agent holds,

& () =& (©) = —pikip*(Q* (6, & — &) — Q*(6,&f + ©))#(52)
Or
§ © =& (0 = —pika[(Q(t. & — &) = QL. & + ) ]yu(D)#(53)
with p; > 0,i = 1,2,---,n, is velocity gain of each actuation-sensing device.

V. NUMERICAL RESULTS

In this section, we'll use a simulation to demonstrate the utility of our main conclusions. Consider a
forest belt with three mobile actuation-sensing devices in 2 = [0,1].

00(t5) 02069
o N0 ez

— (0.6 +4a)Q(t, &)

f(&EH®))us ()
+[1.3 +4b;, 125+ 4b, 1.35+ Abs]|f(&E3(8))u (D],

f(&85(0)us ()

rrl T #(54
f 137,9(& £(0)Q(t, )de S
n®] |
yO = |y0]= f 1157,9(& £5(0)Q(t, O)dé |,
y3(t) 0

J 127,9(& £(©)Q(t, ©)de
L 0 -

where the initial condition x(0,¢&) = sin(mf)e‘8ér2 and initial boundary condition Q(t,0) = Q(t,1) = 0.
The diffusion operator is «, = 0.006. The probabilities are taken as y, = 0.9, ¥y, = 0.8 and y, = 0.85.
The spatial distribution of each moving actuator which centroid at ¢, given by

feem ={L 1 SELlmendiaeT] (55)

0 otherwise

Each moving sensor which centroid at &7 follow the spatial distribution as
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1 _(5—55)2 _ . o .\
GHIER Nl R R N T

0 otherwise

Utilizing the following decentralized static output feedback control strategy

uq () ki 0 07[yi(®)
u(t) = [uz(t) =—[0 k; 0] y2 ()|, #(57)
us(t) 0 0 k3l|y;(®)

where k; = 5,k, =8 and k3 = 10. In the time [0,20], the closed-loop system is simulated.

From Theorem 2, it is easy to verify under the decentralized static output feedback control scheme (6),
the diffusion process (54) is globally asymptotically stable in the mean square, if the spatial distribution of
moving actuators and sensors are presented by (55) and (56) respectively and satisfy [¢f —¢, & + €] =
[¢] — 9, & + 9], such that the following velocity law of each moving agent holds,

e 1 a = _(glpt_‘g_z_ff)2 2 a -
fi (t) = _mo_pi biki)/ici[e 20 Q (tﬁfi — € )
NGatam i
—e 207 QL& +eN)] (58)
: 1 B A S S s 1)
GO= pbkFal] | Sopte w0 2w
go-e-

E-97-8)?
—e 207 Q*(L§ —97)
_(19+)2
+e 207 Q*(t,§ +97)], (59)

with pf > 0 and p/ > 0,i = 1,2,3 are velocity gain of each actuation-sensing device.

As a comparison, we take into account three fixed-in-space sensors which fixed at &7 = 0.25,&5 =
0.55 and é3 = 0.85 and three actuators which fixed at & = 0.26,&5 = 0.56 and &§ = 0.86. Figure 1
depicts the state L, norm for a closed loop system and the case of mobile networks in the simulation. Figure
2 describes the state distribution of static and mobile networks at four different time instants. The trajectory
of three actuators and sensors for the fixed and mobile cases is depicted in Figure 3.
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Fig 1: Evolution of spatial L, norm
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Fig 2: Comparison of closed loop state and spatial variable at different times
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The rrajectory of mobile aciuaters and sensors
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Fig 3: The trajectory of actuation-sensing devices

I11. CONCLUSION

This present work has addressed a mobile sensing approach to the optimal monitoring and robust
control problem in arrays of forest fire processes in uncertain environments. An optimized framework is
given for measurement and control of forest fires using mobile actuator-sensor networks with multiple
packet losses. By referring to Lyapunov stability argument, the decentralized output feedback controller
is designed to achieve robust stability in the mean square of the addressed systems. Also, the LOIs-based
conditions and velocity law of mobile actuation-sensing devices are given. The obtained results improve
and extend the earlier works. To exemplify the effectiveness of the presented theoretical conclusions, a
numerical example has been provided.
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