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Abstract: 

Compared with the frequency-domain method, the time-domain method requires more storage space and 

computation in the hydrodynamic calculation of ships and marine structures. Establish a hybrid boundary 

integral equation coupled with Rankine source method and time-domain Green function method, 

solutions on the control surface were satisfied the far-field radiation condition with Rankine source 

method. According to the hybrid boundary model, the parts of time-domain Green function were only 

contained on the control surface. So this paper choose a hemispherical surface with symmetry property as 

a control surface, which could derivate a symmetric hybrid boundary integral equation easily to 

accomplish efficiently computation of floating body’s hydrodynamics. The proposed method is applied to 

calculate the hydrodynamic coefficients of the hemispheres with analytical solutions, and good agreement 

is obtained when are compared with the hydrodynamic coefficients in the frequency domain. The results 

show that the proposed method has high accuracy in the calculation of hydrodynamic coefficients of 

floating bodies in time domain, and can save storage space and improve the calculation speed to a certain 

extent. 

Keywords: Time domain, Hybrid boundary method, Rankine source, Time domain Green function. 

 

I. INTRODUCTION 

 

At present, Rankine source method and instantaneous time-domain Green function (TDGF) method are 

mainly used to calculate the hydrodynamic problems of ships and marine structures in time domain. 

Rankine source method in time domain can take into account the nonlinearity of free surface, nonlinearity 

of object surface and large motion of ship in hydrodynamic analysis[1,2]. The Green function of Rankine 

source method is simple and easy to calculate, but it needs to arrange the source and sink on the surface 

and the free surface of the object at the same time, and the numerical coast is generally adopted to meet its 

far-field radiation conditions[3]. The setting of remote radiation conditions often leads to the disadvantages 

of low accuracy, poor stability and large increase of free surface mesh number due to different experience 

of the calculators, which affects the mature application of Rankine source method. Although the 

calculation boundary of the TDGF method is only the wet surface of the ship, hundreds of millions of 
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times are needed to call the TDGF and its partial derivative when the time-stepping method is applied to 

solve the velocity potential. The TDGF is an infinite integral, and the integrand function has the 

characteristics of high frequency oscillation and slow attenuation near the free surface. The numerical 

calculation of Green function and its partial derivative in time domain is very difficult, which affects the 

calculation efficiency, accuracy and stability. Meanwhile, this method is not suitable for the time domain 

hydrodynamic problems of the outward floating ship[4-6]. So a time-domain hybrid method which 

matching Rankine source method and TDGF method and providing a good treatment method for setting 

far-field radiation conditions of Rankine source method was developed by Wang[7], Hidetsugu [8], Dai 

and Duan[9], Tong[10], Shan[11] and so on.  

 

When the above time-domain hybrid method is applied to the calculation, it is found that only the 

elements on the control surface still have the related calculation of TDGF. Therefore, in combination with 

the calculation of the symmetry of the floating body, this paper proposes to select the 

multi-degree-of-freedom symmetric geometric surface such as the hemispherical surface as the control 

surface, in order to improve the computational efficiency of the symmetric floating body hydrodynamic 

calculation. 

 

II. ESTABLISHIMENT OF TIME DOMAIN MATCHED BOUNDARY INTEGRAL EQUATION 

 

Establish Cartesian coordinate system as shown in Fig 1 that the xoy plane is on the still water surface, 

and the z-axis is vertically to the free surface. The control surface Sc divided the computational domain 

into internal domain ΩI and external domain ΩII. SH is the body surface, SF is the internal free surface, and 

the dotted line shows the initial state of calm water. 

 

 
Fig 1: Cartesian coordinate system 

 

When studying the interaction between ships and Marine structures and waves, it is considered that the 

fluid is a uniform, incompressible and non-viscous ideal fluid with no rotation flow, and the influence of 

lift force and surface tension is not taken into account. 

 

Then the velocity potential at any point in the entire fluid domain can be expressed as: 
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Where, o  is the velocity potential of the incident wave with infinite water depth, and when 

approaching the wave, it is 180°, which can be expressed as: 

 

   tkkz
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                        (2) 

Where,  sincos yx  , and gk 2  is wave number. 

 

Considering the linear time domain radiation problem, the radiation velocity potential is: 
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The radiation velocity potential is decomposed by the impulse response function method described by 

Cummins[12], and then the k mode velocity potential is decomposed into: 

 

       tptptp kkk ,,                        (4) 

 

 pk  is the instantaneous velocity potential and  tpk ,  is the memory velocity potential 

respectively. They meet the following conditions: 
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Then the velocity potential on control surface SC, SF and SH satisfies the following integral equation 

separately:  
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Then the velocity potential on control surface SC shall meet the following requirements: 
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III. NUMERICAL METHOD 

 

The boundary integral equation satisfying the radiation problem is calculated by using the constant 

surface element method. In the discrete calculation, the boundary SC, SF and SH are quadrilateral or 

triangular, and the number of surface elements is NC, NF and NH. Introducing coefficient matrix: 
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For the convenience of description, assume that the normal derivative of any variable   is denoted as 

n





. The angular mark k and coordinate point p and q are omitted for all the motion mode variables. 

 

3.1 Solution of the Instantaneous Velocity Potential  p  
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 pI  and  pII  satisfy the integral equation can be expressed by the coefficient matrix as, 
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The numerical subscripts (1, 2, 3) of the coefficient matrix represent SC, SF and SH respectively. 

Considering the continuous conditions on the control surface and the boundary conditions, the following 

equation can be obtained. 
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And get,  
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From the above equation, we can get:
C~ ,

F~ and 
H , and further get the initial value condition of 

memory velocity potential: 
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3.2 Solution of the Memory Velocity Potential  tp,  

 

Wang jianfang[7] proposed a free surface condition of integral form: 
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If the time interval is t , tM and tm  represent the current moment and the historical moment 

respectively, then the discrete format of the internal free surface condition Eq (18) is: 
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     MrMrMr iCiCiC 21   (i=1,2,…,NC)                       (22) 

 

Then, the form of memory velocity potential matrix on the control surface SC is 
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The matrix of the memory velocity potential is obtained by considering the continuous conditions and 

boundary conditions on the control surface as well as the instantaneous velocity potential. 
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And get, 
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From the above equation, we can get: C~ , F~  and H , so far, the object velocity potential can be 

obtained through Eq (4). 

 

3.3 Application of Symmetry in Time Domain Matching Method  

 

Generally speaking, ships and marine structures have at least one symmetrical surface. For the 

convenience of description, this paper only considers the problem of xoz symmetry of control surface and 

object. Readers can refer to this method to extend to the control plane about xoz and yoz symmetry, object 

about xoz symmetry; and the control surface and object are symmetric about xoz and yoz. 

 

Definition vector: 

   zyx ,,1s     zyx ,,2s              (26) 

 

 zyx ,,  and   ,,  in 1s , 2s represent the coordinates of field point P and source point Q 

respectively. 

 

Define Green function: 

  ,

0 1

1 1
,

( , ) ( , )

P Q

f fG P Q G G G G
r P Q r P Q

     


              (27) 

 

According to TDGF and 1G  expressions, geometric variables related to them can be represented by 

vector 2s , and 
0G  are related to 1s . 
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With reference to many symmetric studies, under the condition that the control surface is symmetric 

about xoz, the coefficient matrix C  and D  can express the submatrix form, 
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Where, 11C  is the influence coefficient matrix of the action of point Q on point P in its plane, and 14C  

is the influence coefficient matrix of Q′ on the effect of point P on the mirror image of point Q on the 

symmetry of xoz, as shown in Fig 2, matrix D is similar to it. 

 

 
 

Fig 2: Sketch of symmetry description 
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1~ = II
4~ ; 

When k=2/4/6, II
1~ = II

4~ . Combining Eq (12) and Eq (28), it can be known that, 



































 II

II

II

II

~

~

1
1k

1

1114

1411

4

1

1114

1411

ψ1)(

ψ

DD

DD

ψ

ψ

CC

CC
                     (29) 
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For the convenience of description, the following only takes the vertical motion (k=3) as an example to 

illustrate, other modes as described or change the symbol in the corresponding position. Matrix is 

introduced, and the subscript 4/5/6 of the matrix represents the symmetric surface of control surface, free 

surface and object surface with respect to xoz symmetry, respectively. 

 





























333231
1

31

232221
1

21

131211
1

11

1

ABBDCA

ABBDCA

ABBDCA

H ,  





























363534
1

34

262524
1

24

161514
1

14

2

ABBDCA

ABBDCA

ABBDCA

H        (30) 
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 


















33

23

13

11

B

B

B

G ,  


















36

26

16

12

B

B

B

G ,  


















3

2

1

1

ψ

ψ

ψ

X ~

~

,  


















6

5

4

2

ψ

ψ

ψ

X ~

~

,    11 ψN ~ ,   42 ψN ~  

 

When k=3, Eq (16) can be expressed,  


































1

1

1112

1211

2

1

12

21

N

N

GG

GG

X

X

HH

HH
,       11211

1

21

3

2

1

1 NGGHH

ψ

ψ

ψ

X 



















~

~

   (31) 

 

At this point, the instantaneous velocity potential on the surface is obtained through symmetry:  

   63 ψψ                                   (32) 

 

Similarly, the memory velocity potential on the object surface can be obtained by Eq (25): 

   63                                    (33) 

 

After obtaining the instantaneous velocity potential and memory velocity potential on the surface of the 

object, the time domain hydrodynamic force, impulse memory function, additional mass and damping 

coefficient of the floating body can be calculated through Liapis. 

 

IV. NUMERICAL RESULTS AND ANALYSIS 

 

In this paper, hemispheres with radius r=1m were selected to calculate floating bodies, and the 

calculated control surface radius was 5m, as shown in Fig 3, in which the control surface mesh number 

was 300, the free surface mesh number was 400, and the object surface mesh number was 260. In order to 

compare with the analytical results provided by Barakat[14], this paper only takes the vertical additional 

mass, damping coefficient and delay function as examples, as shown in Fig 4 and Fig 5. 

 

Fig 4 is the dimensionless memory impulse response function curve of hemisphere, Fig 5 is the 

dimensionless joint curve of additional mass and damping coefficient. Fig 4 and Fig 5 reflect the 

instantaneous motion problem (radiation problem) of three-dimensional floating body in the time domain.  
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Fig 3: Grid of hemisphere 

 

 
 

Fig 4: Nondimensional memory impulsive response function K33 

 
 

Fig 5: Nondimensional hydrodynamic coefficient 

 

The results above verify the correctness and effectiveness of the proposed method. The numerical 

treatment method described in this paper is applicable to conventional ships with plane symmetry of xoz, 

and it is not difficult for readers to extend it to Marine structures with symmetry of xoz and yoz, such as 

floating platforms. At the same time, only the control surface contains the relevant numerical calculation of 

TDGF, so the characteristics of the semi-sphere about angular axisymmetric can be considered. These 

works will certainly improve the numerical calculation efficiency of floating body motion and wave force 

in the time domain, which is of great significance for the engineering application of this direction. 
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V. CONCLUTION 

 

The hybrid method of Rankine source method and the TDGF method inherits the advantages of 

Rankine source method and also solves Rankine far-field radiation condition which is difficult to be 

satisfied by source method. The method proposed in this paper focuses on how to calculate accurately 

and quickly the TDGF on the control surface of symmetric floating body and the numerical treatment of 

the integral equation it satisfies. Compared with the analytical solution, it can be seen that the proposed 

method can effectively realize the time-domain calculation of ships, and is easy to operate, which 

provides a basis for the rapid calculation of ship with forward speed problems. 
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